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(∈,∈ ∨q)-fuzzy soft subnear-ring
(∈,∈ ∨q)-fuzzy soft ideal
a b s t r a c t
Our aim in this paper is to introduce and study the fuzzy soft subnear-ring and (∈,∈ ∨q)-
fuzzy soft subnear-ring which is a generalization of fuzzy soft subnear-ring. We also study
some of their basic properties and give several examples.
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1. Introduction
Theory of fuzzy sets [1], intuitionistic fuzzy sets [2] and theory of rough sets [3] can be considered as mathematical tools
for dealing with uncertainties. But all these theories have their inherent difficulties as what were pointed out by Molodtsov
in [4]. In 1999,Molodtsov introduced the concept of a soft set theory [4]. At present, works on the soft theory are progressing
rapidly. Maji et al. [5] described the application of soft set theory to a decision making problem. Maji et al. [6] also studied
several operations on the theory of soft sets. Chen et al. [7] presented a new definition of soft set parameterization reduction
and compared this definition to the related concept of attributes reduction in rough set theory. Themost appropriate theory
for dealing with uncertainties is the theory of fuzzy sets developed by Zadeh [1].
The algebraic structure of soft set theories has been studied increasingly in recent years. Aktaş and Çağman [8]
investigated basic properties of soft sets to the related concepts of fuzzy sets and rough sets. They gave a definition of soft
groups and derived their basic properties. Feng et al. [9] defined soft semirings, soft ideals on soft semirings and idealistic
soft semirings. Also Maji et al. [10] presented the definition of fuzzy soft set and Roy et al. presented some applications of
this notion to decision making problems in [11]. Soft sets and fuzzy soft sets have a rich potential for applications. Some
applications are presented in [4,5,11].
The idea of quasi-coincidence of a fuzzy point with a fuzzy set, which is mentioned in [12], has played a vital role in
generating some different types of fuzzy subgroups, called (α, β)-fuzzy subgroups, introduced by Bhakat and Das [13]. The
notions of fuzzy subnear-ring and ideal were first introduced by Abou-Zaid [14] in 1991. The concept of quasi-coincidence
of a fuzzy point with a fuzzy subset was introduced by Pu Pao-Ming and Liu Ying-Ming [12] in 1980. The idea of quasi-
coincidence of a fuzzy point with a fuzzy set was introduced by Bhakat and Das [15] in 1992. In particular, the (∈,∈ ∨q)-
fuzzy subgroup is an important and useful generalization of a fuzzy subgroup. In [16], Bhakat and Das have extended
the notion of (∈,∈ ∨q)-fuzzy subgroups to the notion of (∈,∈ ∨q)-fuzzy subrings. Narayanan and Manikantan [17] have
extended these results to near-rings. Then, in [18] Davvaz introduce the notion of an (∈,∈ ∨q)-fuzzy subnear-ring and
ideals. İnan and Öztürk [19] presented the definition of fuzzy soft ring and (∈,∈ ∨q)-fuzzy soft ring.
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In this paper, we introduce the fuzzy soft subnear-ring and (∈,∈ ∨q)-fuzzy soft subnear-ring which is a generalization
of fuzzy soft subnear-ring. Also we study some of their basic properties and give several examples.
2. Preliminaries
In this section, we give some definitions and properties regarding near-ring [20], fuzzy sets [1], soft sets [4], fuzzy soft
sets [10], (∈,∈ ∨q)-fuzzy subrings and ideals [15] and (∈,∈ ∨q)-fuzzy subnear-rings and ideals [18,17].
Definition 1 ([20]). A near-ring N is a system with two binary operations+ and · such that
(i) (N,+) is a group, not necessarily abelian,
(ii) (N, ·) is a semigroup,
(iii) (x+ y) z = xz + yz, for all x, y, z ∈ N .
We will use the world ‘near-ring’ to mean ‘right near-ring’. We denote xy instead of x · y. Note that 0x = 0 and
(−x)y = −xy but in general x0 ≠ 0 for some x ∈ N .
Definition 2 ([20]). Let (N,+, ·) be a near-ring. A subset I of N is said to be an ideal of N if:
(i) (I,+) is a normal subgroup of (N,+),
(ii) IN ⊆ I ,
(iii) n1 (n2 + i)− n1n2 ∈ I , for all i ∈ I and n1, n2 ∈ N .
If I satisfies (i) and (ii), then it is called a right ideal of N . If I satisfies (i) and (iii), then it is called a left ideal of N .
Definition 3 ([1]). A fuzzy set A in X is characterized by a membership (characteristic) function fA(x)which associates with
each point in X a real number in the interval [0, 1], with the value of fA(x) at x representing the ‘‘grade of membership’’ of x
in A.
Definition 4 ([21]). Let R be a ring and µ be a fuzzy subset of R. Then µ is a fuzzy subring of R if
(i) µ(x− y) > min {µ(x), µ(y)},
(ii) µ(xy) > min {µ(x), µ(y)} for all x, y ∈ R.
Definition 5 ([14]). Let N be a near-ring and µ be a fuzzy subset of N . Then µ is a fuzzy subnear-ring of N if
(i) µ(x− y) > min {µ(x), µ(y)},
(ii) µ(xy) > min {µ(x), µ(y)} for all x, y ∈ N .
Definition 6 ([14]). Let N be a near-ring and µ be a fuzzy subset of N . Then µ is a fuzzy ideal of N if
(i) µ is a fuzzy subnear-ring of N ,
(ii) µ(y+ x− y) > µ(x) for all x, y ∈ N ,
(iii) µ(xy) > µ(x) for all x, y ∈ N ,
(iv) µ(a (b+ i)− ab) > µ(i) for all a, b, i ∈ N .
A fuzzy subset with (i)–(iii) is called a fuzzy right ideal of N whereas a fuzzy subset with (i), (ii) and (iv) is called a fuzzy
left ideal of N .
Definition 7 ([22]). A fuzzy subring of a fuzzy ring µ is a fuzzy ring µ′ : R → [0, 1] satisfying µ′ (x) ≤ µ (x) for all x ∈ R.
Definition 8 ([22]). Let µ : R → [0, 1] be a fuzzy ring; a fuzzy ideal of µ is a map δ : R → [0, 1] such that the following
properties hold:
(i) δ ≠ 0,
(ii) δ (x− y) ≥ δ (x) ∧ δ (y) for all x, y ∈ R,
(iii) δ (xy) ≥ µ (x) ∧ δ (y) for all x, y ∈ R,
(iv) δ (x) ≤ µ (x) for all x ∈ R.
Definition 9 ([4]). Let U be an initial universe set and E be a set of parameters. Let A ⊂ E. A pair (F , A) is called a soft set
over U , where F is a mapping given by
F : A → ℘(U).
In otherwords, a soft set overU is a parameterized family of subsets of the universeU . For ε ∈ A, η (ε)may be considered
as the set of ε-approximate elements of the soft set (F , A). Clearly, a soft set is not a set. For illustration,Molodtsov considered
several examples in [4]. These examples were also discussed in [6,8].
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Definition 10 ([10]). Let U be an initial universe set, E be a set of parameters and A ⊂ E. Let F (U) denote the fuzzy power
set of U . A pair (F , A) is called a fuzzy soft set over U , where F is a mapping given by
F : A → F (U).
Definition 11 ([10]). For two fuzzy soft sets (F , A) and (H, B) over a common universe U , we say that (F , A) is a fuzzy soft
subset of (H, B) if
(i) A ⊂ B,
(ii) ∀ε ∈ A, F(ε) is a fuzzy subset of H(ε). In this case, we write (F , A) ∼⊂ (H, B).
(F , A) is said to be a fuzzy soft super set of (H, B), if (H, B) is a fuzzy soft subset of (F , A). We denote it by (F , A)
∼⊃ (H, B).
Definition 12 ([10]). Two fuzzy soft sets (F , A) and (H, B) over a common universe U are said to be fuzzy soft equal if (F , A)
is a fuzzy soft subset of (H, B) and (H, B) is a fuzzy soft subset of (F , A).
Definition 13 ([10]). The complement of a fuzzy soft set (F , A) is denoted by (F , A)C and is defined by (F , A)C = (F C ,¬A),
where
F C : ¬A → F (U)
is a mapping given by F C (¬a) = U − F(a), ∀a ∈ A.
Let us call F C to be the fuzzy soft complement function of F . Clearly (F C )C is the same as F and ((F , A)C )C = (F , A).
Definition 14 ([10]). A fuzzy soft set (F , A) over U is said to be a NULL fuzzy soft set denoted by Φ (null-set), if ∀ε ∈ A,
F(ε) = Φ .
Definition 15 ([10]). A fuzzy soft set (F , A) over U is said to be an absolute fuzzy soft set denoted by
∼





= Φ andΦC = ∼A
C
.
Maji [10] introduced and investigated several binary operations such as AND-operation, OR-operation, union and
intersection of fuzzy soft sets as below.
Definition 16 ([10]). If (F , A) and (H, B) be two fuzzy soft sets over a commonuniverseU , then ‘‘ (F , A)AND (H, B) ’’ denoted
by (F , A) ∧ (H, B) is defined by (F , A) ∧ (H, B) = (ρ, A× B), where ρ (a, b) = F(a) ∩ H (b) for all (a, b) ∈ A× B.
Definition 17 ([10]). If (F , A) and (H, B) be two fuzzy soft sets over a common universe U , then ‘‘ (F , A) OR (H, B) ’’ denoted
by (F , A) ∨ (H, B) is defined by (F , A) ∨ (H, B) = (⃝, A× B), where⃝ (a, b) = F(a) ∪ H (b) for all (a, b) ∈ A× B.
Definition 18 ([10]). Let (F , A) and (H, B) be two fuzzy soft sets over a common universe U . The union of (F , A) and (H, B)
is defined to be the fuzzy soft set (ρ, C) satisfying the following conditions:
(i) C = A ∪ B,
(ii) for all e ∈ C ,
ρ(e) =
F(e) if e ∈ A r B,
H(e) if e ∈ B r A,
F(e) ∪ H(e) if e ∈ A ∩ B.
In this case, we write (F , A)
∼∪ (H, B) = (ρ, C).
Definition 19 ([10]). Let (F , A) and (H, B) be two fuzzy soft sets over a common universe U . The intersection of (F , A) and
(H, B) is defined to be the fuzzy soft set (⃝, C) satisfying the following conditions:
(i) C = A ∩ B,
(ii) ∀e ∈ C,⃝(e) = F(e) or H(e), (as both are same set). In this case, we write (F , A) ∼∩ (H, B) = (⃝, C).
Definition 20 ([23]). Let (F , A) be a soft set over R. Then (F , A) is called a soft ring over R if F(x) is a subring of R for all x ∈ A.
Definition 21 ([12]). A fuzzy subset λ of R of the form
λ(y) =

t (≠ 0) if y = x,
0 if y ≠ x,
is said to be a fuzzy point with support x and value t and is denoted by xt .
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Definition 22 ([12]). A fuzzy point xt is said to belong to (resp. be quasi-coincident with) a fuzzy set λ, written as xt ∈ λ
(resp. xtqλ) if λ(x) > t (resp. λ(x)+ t > 1).
If xt ∈ λ or xtqλ, then we write xt ∈ ∨qλ.
Definition 23. Let λ be a fuzzy subset of R. Then for all t ∈ (0, 1], the set λt = {x ∈ R : λ(x) > t} is called level subset of λ.
Definition 24 ([13]). λ is said to be an (∈,∈ ∨q)-fuzzy subring of R if for all x, y ∈ R and t, r ∈ (0, 1],
(i) xt , yr ∈ λ⇒ (x+ y)min(t,r) ∈ ∨qλ,
(ii) xt ∈ λ⇒ (−x)t ∈ ∨qλ,
(iii) xt , yr ∈ λ⇒ (xy)min(t,r) ∈ ∨qλ.
Remark 1 ([13]). The condition (i) is equivalent to (I) λ (x+ y) > M (λ(x), λ (y) , 0.5) ∀x ∈ R
and the condition (ii) is equivalent to (I) λ (−x) > M (λ (x) , 0.5)∀x ∈ R.
Definition 25 ([13]). λ is said to be an (∈,∈ ∨q)-fuzzy ideal of R if for all x, y ∈ R and t ∈ (0, 1],
(i) λ is an (∈,∈ ∨q)-fuzzy subring of R,
(ii) xt ∈ λve y ∈ R ⇒ (xy)t , (yx)t ∈ ∨qλ.
Definition 26 ([17]). A fuzzy subset µ is said to be an (∈,∈ ∨q)-fuzzy subnear-ring of a near-ring N if for all x, y ∈ N and
t, r ∈ (0, 1]:
(i) xt , yr ∈ µ⇒ (x+ y)min(t,r) ∈ ∨qµ,
(ii) xt ∈ µ⇒ (−x)t ∈ ∨qµ,
(iii) xt , yr ∈ µ⇒ (xy)min(t,r) ∈ ∨qµ.
Definition 27 ([17]). A fuzzy subset µ of a near-ring N is said to be an (∈,∈ ∨q)-fuzzy ideal of N if for all x, y, z ∈ N and
t, r ∈ (0, 1]:
(i) xr , yt ∈ µ implies (x− y)min(r,t) ∈ ∨qµ,
(ii) xt ∈ µ and y ∈ N implies (y+ x− y)t ∈ ∨qµ,
(iii) xt ∈ µ and y ∈ N implies (xy)t ∈ ∨qµ,
(iv) zt ∈ µ and x, y ∈ N implies (x (y+ z)− xy)t ∈ ∨qµ.
If µ satisfies (i)–(iii), then it is called an (∈,∈ ∨q)-fuzzy right ideal of N . If µ satisfies (i), (ii) and (iv), then it is called an
(∈,∈ ∨q)-fuzzy left ideal of N .
3. Fuzzy soft subnear-rings and ideals
Throughout this section, R and S are near-rings and A is any nonempty set.
Definition 28. Let (F , A) be a fuzzy soft set over R. Then, (F , A) is said to be a fuzzy soft subnear-ring over R if F(x) is a fuzzy
subnear-ring of R for all x ∈ A.
Example 1. Consider the near-ring R = {0, a, b, c}with (N,+) as the Klein’s four group and (N, ·) as defined the following
tables [24, p. 408]:
+ 0 a b c
0 0 a b c
a a 0 c b
b b c 0 a
c c b a 0
• 0 a b c
0 0 0 0 0
a a a a a
b 0 0 0 b
c a a a c
Let A = {e1, e2, e3} and F : A −→ F (R) be a set-valued function defined by
F(e1) = {(0, 0.8), (a, 0.3), (b, 0.4), (c, 0.3)} ,
F(e2) = {(0, 0.4), (a, 0.2), (b, 0.3), (c, 0.2)} ,
F(e3) = {(0, 0.7), (a, 0.5), (b, 0.6), (c, 0.5)} .
Obviously (F , A) is a fuzzy soft set over R. We also see that F(x) is a fuzzy subnear-ring of R for all x ∈ A. Therefore (F , A)
is a fuzzy soft near-ring over R.
Theorem 1. If (F , A) and (H, A) be two fuzzy soft near-rings over R, then their intersection (F , A)
∼∩ (H, A) is a fuzzy soft near-
ring over R.
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Proof. From Definition 19, we can write (F , A)
∼∩ (H, A) = (U, C) where C = A ∩ A and ∀x ∈ C = A, we have U(x) = F(x)
or U(x) = H(x),U : A −→ F (R) is a mapping. Therefore, (U, A) is a fuzzy soft set over R. And it follows that U(x) = F(x)
or U(x) = H(x) are fuzzy subnear-rings of R for all x ∈ A. Since (F , A) and (H, A) are fuzzy soft near-rings over R, (U, A) is a
fuzzy soft near-ring over R. 
Theorem 2. Let (F , A) and (H, B) be two fuzzy soft near-rings over R. If A∩ B = ∅ then (F , A) ∼∪ (H, B) is a fuzzy soft near-ring
over R.
Proof. FromDefinition 18, we canwrite (F , A)
∼∪ (H, A) = (U, C). Since A∩B = ∅, it follows that either x ∈ ArB or x ∈ BrA
for all x ∈ C . If x ∈ A r B, then U(x) = F(x) is a fuzzy subnear-ring of R, and if x ∈ B r A, then U(x) = H(x) is a fuzzy
subnear-ring of R. Thus, (U, C) is a fuzzy soft near-ring over R. 
Theorem 3. Let (F , A) and (H, B) be two fuzzy soft near-rings over R. Then (F , A) ∧ (H, B) is a fuzzy soft near-ring over R.
Proof. From Definition 16, we can write (F , A) ∧ (H, A) = (U, A× B). As F(α) and H(β) are fuzzy subnear-rings of
R, F(α)∩H(β) is a fuzzy subnear-ring ofR. ThereforeU(α, β) = F(α)∩H(β) is a fuzzy subnear-ring ofR for all (α, β) ∈ A×B.
Hence, we find that (F , A) ∧ (H, A) is a fuzzy soft near-ring over R. 
Definition 29. Let (F , A) be a fuzzy soft near-ring over R and θ ∈ (0, 1]. Then
(i) (F , A) is said to be a θ-identity fuzzy soft near-ring over R if
F(a)(x) =

θ if x = e,
0 otherwise
for all a ∈ A, x ∈ R, where e is the identity element of R; and
(ii) (F , A) is said to be a θ-absolute fuzzy soft near-ring over R if F(a)(x) = θ for all a ∈ A, x ∈ R.
Example 2. Consider the (left) near-ring R = {a, b, c, d}with the following tables:
+ a b c d
a a b c d
b b a d c
c c d b a
d d c a b
• a b c d
a a a a a
b a a a a
c a a a a
d a a b b
(i) Let A = {e1, e2, e3, e4}, θ = 0.01 and F : A −→ F (R) be a set-valued function defined by
F(e1) = {(a, 0.01), (b, 0), (c, 0), (d, 0)} ,
F(e2) = {(a, 0.01), (b, 0), (c, 0), (d, 0)} ,
F(e3) = {(a, 0.01), (b, 0), (c, 0), (d, 0)} ,
F(e4) = {(a, 0.01), (b, 0), (c, 0), (d, 0)} .
Obviously (F , A) is a fuzzy soft set over R. We also see that F(x) is a fuzzy subnear-ring of R for all x ∈ A. Therefore, (F , A)
is a fuzzy soft near-ring over R. From Definition 29(i), (F , A) is a 0.01-identity fuzzy soft near-ring over R.
(ii) Let B = {e1, e2, e3}, θ = 0.2 and G : B −→ F (R) be a set-valued function defined by
G(e1) = {(a, 0.2), (b, 0.2), (c, 0.2), (d, 0.2)} ,
G(e2) = {(a, 0.2), (b, 0.2), (c, 0.2), (d, 0.2)} ,
G(e3) = {(a, 0.2), (b, 0.2), (c, 0.2), (d, 0.2)} .
Obviously (G, B) is a fuzzy soft set over R. We also see that G(x) is a fuzzy subnear-ring of R for all x ∈ B. Therefore, (G, B)
is a fuzzy soft near-ring over R. From Definition 29(ii), (G, B) is a 0.2-absolute fuzzy soft near-ring over R.




θ if x ∈ Ker f ,
0 otherwise
for all a ∈ A, x ∈ R then, (f (F), A) is the θ-identity fuzzy soft near-ring over S.
(2) If (F , A) is a θ-absolute fuzzy soft near-ring over R, then (f (F), A) is the θ-absolute fuzzy soft near-ring over S.
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Proof. (1) f (F(a))(eS ) =

x∈f−1(eS ) F(a)(x) =

x∈Ker f F(a)(x) = θ where eS is an identity element of S, if s ≠ eS then,
f (F(a))(s) = 0. From Definition 28, (f (F), A) is a θ-identity fuzzy soft near-ring over S.
(2) f (F(a))(s) =x∈f−1(eS ) F(a)(x) = θ for all s ∈ S. Hence, from Definition 29, (f (F), A) is a θ-absolute fuzzy soft near-ring
over S. 
Definition 30. A fuzzy subnear-ring of a fuzzy near-ring µ is a fuzzy near-ring µ′ satisfying µ′ (x) ≤ µ (x) for all x ∈ R.
Definition 31. Let (F , A) and (H, B) be two fuzzy soft near-rings over R. Then (F , A) is a fuzzy soft subnear-ring of (H, B) if
(i) A ⊂ B and
(ii) F(x) is a fuzzy subnear-ring of H(x), for all x ∈ A.
Example 3. Consider the near-ring Z4 = {0, 1, 2, 3}with the following tables ([24], p. 407):
+ 0 1 2 3
0 0 1 2 3
1 1 2 3 0
2 2 3 0 1
3 3 0 1 2
• 0 1 2 3
0 0 0 0 0
1 0 2 0 1
2 0 2 0 3
3 0 0 0 2
Let A = {e1, e2, e3, e4} and H : A −→ F (R) be a set-valued function defined by
H(e1) = {(0, 0.8), (1, 0.3), (2, 0.4), (3, 0.3)} ,
H(e2) = {(0, 0.4), (1, 0.2), (2, 0.3), (3, 0.2)} ,
H(e3) = {(0, 0.7), (1, 0.5), (2, 0.6), (3, 0.5)} ,
H(e4) = {(0, 0.3), (1, 0.1), (2, 0.2), (3, 0.1)} .
Obviously (H, A) is a fuzzy soft set over R. We also see thatH(x) is a fuzzy subnear-ring of R for all x ∈ A. Therefore, (H, A)
is a fuzzy soft near-ring over R.
Let B = {e2, e4} and F : B −→ F (R) be a set-valued function defined by
F(e2) = {(0, 0.2), (1, 0.1), (2, 0.01), (3, 0.1)} ,
F(e4) = {(0, 0.1), (1, 0.02), (2, 0.01), (3, 0.02)} .
Obviously (F , B) is a fuzzy soft set over R. We also see that A ⊂ B and F(x) is a fuzzy subnear-ring of H(x), for all x ∈ A.
Therefore, from Definition 31 (F , A) is a fuzzy soft subnear-ring of (H, B).
Theorem 5. Let (F , A) and (H, A) be two fuzzy soft near-rings over R if F(x) ⊆ H(x) for all x ∈ A, then (F , A) is a soft subnear-
ring of (H, A).
Proof. Since (F , A) and (H, A) be two fuzzy soft near-rings over R and F(x) ⊆ H(x) for all x ∈ A, then from Definition 31, (i)
A ⊂ A and (ii) F(x) is a fuzzy subnear-ring of H(x), for all x ∈ A conditions hold. Hence, (F , A) is a fuzzy soft subnear-ring of
(H, A). 
Theorem 6. Let (F , A) be a fuzzy soft near-ring over R, and {(Hi, Bi) | i ∈ I} be a nonempty family of fuzzy soft subnear-rings of
(F , A) where I is an index set. Then
(1) ∩i∈I(Hi, Bi) is a fuzzy soft subnear-ring of (F , A),
(2)

i∈I(Hi, Bi) is a fuzzy soft subnear-ring of

i∈I (F , A),
(3) If Bi ∩ Bj = ∅, for all i, j ∈ I , i ≠ j, theni∈I(Hi, Bi) is a fuzzy soft subnear-ring of i∈I (F , A).
Proof. From Definitions 19 and 16 and Theorems 1 and 3 the proofs of (1), (2) and (3) can be achieved similarly. 
Lemma 1. Let f be a homomorphism from R to S. Then
(1) if A is a fuzzy subnear-ring of R, then f (A) is a fuzzy subnear-ring of S,
(2) if B is a fuzzy subnear-ring of S, then f −1(B) is a fuzzy subnear-ring of R.
Theorem 7. Let (F , A) and (H, B) be two fuzzy soft near-rings over R, and (F , A) be a fuzzy soft subnear-ring of (H, B). If f is
a homomorphism from R to S, then (f (F), A) and (f (H), B) are both fuzzy soft subnear-rings over S and (f (F), A) is a fuzzy soft
subnear-ring of (f (H), B).
Proof. Since f is a homomorphism from R to S, f (F(x)) and f (H(y)) are fuzzy soft subnear-rings of S for all x ∈ A and for all
y ∈ B. Therefore (f (F), A) and (f (H), B) are both fuzzy soft subnear-rings over S. If (F , A) is a fuzzy soft subnear-ring of (H, B),
then F(x) is a fuzzy subnear-ring of H(x), and f (F(x)) is a fuzzy subnear-ring of f (H(y)) for all x ∈ A. From Definition 31, we
obtain (f (F), A) is a fuzzy soft subnear-ring of (f (H), B). 
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Definition 32. Let (F , A) and (H, B) be two fuzzy soft near-rings over R and S, respectively. And let f : R −→ S and
g : A −→ B be two functions. Then we say that (f , g) is a fuzzy soft homomorphism, if the following conditions are
satisfied:
(i) f is a homomorphism from R onto S,
(ii) g is a mapping from A onto B,
(iii) f (F(x)) = H(g(x)) for all x ∈ A.
We say that (F , A) is soft homomorphic to (H, B) under the fuzzy soft homomorphism (f , g), if (f , g) is a soft
homomorphism and f and g are both surjective.
In this definition, if f is an isomorphism from R to S and g is a one to one mapping from A onto B, then we say that (f , g)
is a fuzzy soft isomorphism and that (F , A) is fuzzy soft isomorphic to (H, B) under the fuzzy soft homomorphism (f , g).
Theorem 8. Let (F , A) and (H, B) be two fuzzy soft near-rings over R and S, respectively. If (F , A) is a fuzzy soft subnear-ring
over R and (F , A) is fuzzy soft isomorphic to (H, B), then (H, B) is a fuzzy soft subnear-ring over S.
Proof. Since (F , A) is fuzzy soft isomorphic to (H, B), that is, G ∼ K and A ∼ B, then f (F(x)) = H(g(x)) for all x ∈ A. So
H(y) = H(g(x)) = f (F(x)) for all y ∈ B. From Lemma 1, we obtain f (F(x)) is a fuzzy subnear-ring of S and H(y) is a fuzzy
subnear-ring of S. Thus (H, B) is a fuzzy soft subnear-ring over S. 
Corollary 1. Let (F , A) and (H, B) be two fuzzy soft near-rings over R and S, respectively. And (F , A) is fuzzy soft isomorphic to
(H, B). If F(x) is a fuzzy subnear-ring of R, then H(g(x)) is a fuzzy subnear-ring of S and F(x) ∼ H(g(x)).
Definition 33. Let α be a fuzzy near-ring; a fuzzy ideal of α is a map β such that the following properties hold:
(i) β (x) ≤ α (x) for all x ∈ R,
(ii) β (y+ x− y) ≥ β (x) ∧ β (y) for all x, y ∈ R,
(iii) β (xy) ≥ α (x) ∧ β (y) for all x, y ∈ R,
(iv) β (x (y+ i)− xy) ≥ β (i) for all x, y, i ∈ R.
Definition 34. Let (α, A) be a fuzzy soft near-ring over R. A fuzzy soft set (β, I) over R is called a fuzzy soft ideal of (α, A),
which will be denoted by (β, I)
∼
E (α, A), if it satisfies the following conditions:
(i) I ⊂ A,
(ii) β(x) is a fuzzy ideal of α(x) for all x ∈ I .
Example 4. Consider the near-ring (R,+, ·) as defined in Example 1.
Let A = {e1, e2, e3} and α : A −→ F (R) be a set-valued function defined by
α(e1) = {(0, 0.8), (a, 0.5), (b, 0.4), (c, 0.4)} ,
α(e2) = {(0, 0.5), (a, 0.4), (b, 0.3), (c, 0.3)} ,
α(e3) = {(0, 0.9), (a, 0.7), (b, 0.6), (c, 0.6)} .
Obviously (α, A) is a fuzzy soft set over R. Also, we see that α(x) is a fuzzy subnear-ring of R for all x ∈ A. Therefore, (α, A)
is a fuzzy soft near-ring over R.
Let I = {e2} and β : I −→ F (R) be a set-valued function defined by
β(e2) = {(0, 0.4), (1, 0.3), (2, 0.2), (3, 0.2)} .
Obviously (β, I) is a fuzzy soft set over R. We also see that I ⊂ A and β(e) is a fuzzy ideal of α(e), for all e ∈ I . Therefore,
from Definition 36 (β, I) is a fuzzy soft ideal of (α, A).
Theorem 9. Let (β1, I1) and (β2, I2) be fuzzy soft ideals of a fuzzy soft near-ring (F , A) over R. Then (β1, I1)∩˜(β2, I2) is a fuzzy
soft ideal of (F , A) if it is non-null.
Proof. Using Definition 19, we can write (β1, I1) ∩˜ (β2, I2) = (β, I), where I = I1 ∩ I2 and β (e) = β1 (e) or β2 (e)
for all e ∈ I . Then, I1 ⊂ I and I2 ⊂ I . Since (β1, I1) and (β2, I2) be two fuzzy soft near-ring (F , A) over R, it follows that
β (e) = β1 (e) is a fuzzy ideal of F (e) or β (e) = β2 (e) is a fuzzy ideal of F (e), for all e ∈ I . Hence, from Definition 34
(β, I) = (β1, I1)∩˜(β2, I2) is a fuzzy soft ideal of (F , A).
Theorem 10. Let (F , A) be a fuzzy soft near-ring over R and (β1, I1), (β2, I2) be fuzzy soft ideals of (F , A) over R. If I1 and I2 are
disjoint, then (β1, I1)
∼∪(β2, I2) is a fuzzy soft ideal of (F , A).
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Proof. According to Definition 18 (β1, I1)
∼∪(β2, I2) = (β, I) is a fuzzy soft set, where I = I1 ∪ I2 and for all x ∈ I
β(x) =

β1(x) if x ∈ I1 r I2,
β2(x) if x ∈ I2 r I1,
β1(x) ∪ β2(x) if x ∈ I1 ∩ I2.
Since (β1, I1)
∼
E(F , A) and (β2, I2)
∼
E(F , A) we see that I ⊂ A. For every x ∈ I, x ∈ I1 r I2 or x ∈ I2 r I1, since I1 and I2 are
disjoint. If x ∈ I1 r I2, then β(x) = β1(x) ≠ ∅ is a fuzzy ideal of F (x) since (β1, I1) ∼E(F , A). Similarly, if x ∈ I2 r I1, then
β (x) = β2(x) ≠ ∅ is a fuzzy ideal of F(x) since (β2, I2) ∼E(F , A). Thus β(x) is a fuzzy ideal of F (x) for all x ∈ I . Hence, (β, I)
is a fuzzy soft ideal of (F , A). 
Theorem 11. Let (F , A) be a fuzzy soft near-ring over R and (βk, Ik)k∈K be a nonempty family of fuzzy soft ideals of (F , A). Then
we have the following conditions:
(1)
∼∩k∈K (βk, Ik) is a fuzzy soft ideal of (F , A) if it is non-null,
(2) If {Ik | k ∈ K} are pairwise disjoint, then
∼∪k∈K (βk, Ik) is a fuzzy soft ideal of (F , A) if it is non-null.
Proof. (1) It is an obvious result since the intersection of an arbitrary nonempty family of fuzzy soft ideals of a fuzzy soft
near-ring is a fuzzy soft ideal of it.
(2) It is similar to proof of Theorem 10. 
4. (∈,∈ ∨q)-fuzzy soft subnear-rings and ideals
Let R and S be near-rings, A is any nonempty set and λ be a fuzzy subset of R.
Definition 35. Let (Fλ, A) be a fuzzy soft set over R. Then (Fλ, A) is said to be a (∈,∈ ∨q)-fuzzy soft subnear-ring over R if
Fλ(x) is a (∈,∈ ∨q)-fuzzy subnear-ring of R for all x ∈ A.
Example 5. Consider the (left) near-ring R = {a, b, c, d}with the following tables:
+ a b c d
a a b c d
b b a d c
c c d b a
d d c a b
• a b c d
a a a a a
b a a a a
c a a a a
d a a b b
Let A = {e1, e2, e3} and Fλ : A −→ F (R) be a set-valued function defined by
Fλ(e1) = {(a, λ1 (a)), (b, λ1(b)), (c, λ1(c)), (d, λ1(d))}
= {(a, 0.6), (b, 0.4), (c, 0.7), (d, 0.4)} ,
Fλ(e2) = {(a, λ2(a)), (b, λ2(b)), (c, λ2(c)), (d, λ2(d))}
= {(a, 0.7), (b, 0.5), (c, 0.8), (d, 0.5)} ,
Fλ(e3) = {(a, λ3(a)), (b, λ3(b)), (c, λ3(c)), (d, λ3(d))}
= {(a, 0.5), (b, 0.3), (c, 0.6), (d, 0.3)} .
Obviously, (Fλ, A) is a fuzzy soft set over R. Also we see that, since ∀x, y ∈ R, λ (x− y) , λ(xy) > M (λ (x) , λ(y), 0.5)
condition hold, Fλ(x) is a (∈,∈ ∨q)-fuzzy subnear-ring of R for all x ∈ A. Therefore (Fλ, A) is a (∈,∈ ∨q)-fuzzy soft near-
ring over R.




be two (∈,∈ ∨q)-fuzzy soft near-rings over R, then their intersection (Fλ, A)
∼∩ Hµ, A is a
(∈,∈ ∨q)-fuzzy soft near-ring over R.
Proof. From Definition 19, we can write (Fλ, A)
∼∩ Hµ, A = Uλ,µ, C where C = A ∩ A and ∀x ∈ C = A, we have




is a fuzzy soft set over R. And
it follows that Uλ,µ(x) = Fλ(x) or Uλ,µ(x) = Hµ(x) are (∈,∈ ∨q)-fuzzy subnear-rings of R for all x ∈ A. Since (Fλ, A) and
Hµ, A

are (∈,∈ ∨q)-fuzzy soft near-rings over R, Uλ,µ, A is a (∈,∈ ∨q)-fuzzy soft near-ring over R. 




be two (∈,∈ ∨q)-fuzzy soft near-rings over R. If A ∩ B = ∅, then (Fλ, A)
∼∪ Hµ, B is a
(∈,∈ ∨q)-fuzzy soft near-ring over R.
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Proof. From Definition 18, we can write (Fλ, A)
∼∪ Hµ, B = Uλ,µ, C. Since A ∩ B = ∅, it follows that either x ∈ A r B or
x ∈ B r A for all x ∈ C . If x ∈ A r B, then Uλ,µ(x) = Fλ(x) is a (∈,∈ ∨q)-fuzzy subnear-ring of R, and if x ∈ B r A, then




is a (∈,∈ ∨q)-fuzzy soft near-ring over R. 








is a (∈,∈ ∨q)-fuzzy
soft near-ring over R.
Proof. From Definition 16, we can write (Fλ, A) ∧

Hµ, B
 = Uλ,µ, A× B where Uλ,µ(α, β) = Fλ(α) ∩ Hµ(β) for all
(α, β) ∈ A × B. Since Fλ (α) and Hµ(β) are (∈,∈ ∨q)-fuzzy subnear-ring of R for all (α, β) ∈ A × B, the intersection
Fλ(α)∩Hµ(β) is also (∈,∈ ∨q)-fuzzy subnear-ring of R. Hence, we find that

Uλ,µ, A× B
 = (Fλ, A)∧Hµ, B is a (∈,∈ ∨q)-
fuzzy soft near-ring over R. 
Definition 36. Let (Fλ, A) be a (∈,∈ ∨q)-fuzzy soft near-ring over R and θ ∈ (0, 1]. Then
(i) (Fλ, A) is said to be a θ-identity (∈,∈ ∨q)-fuzzy soft near-ring over R if
Fλ(a)(x) =

θ if x = e,
0 otherwise
for all a ∈ A, x ∈ R, where e is the identity element of R; and
(ii) (Fλ, A) is said to be a θ-absolute (∈,∈ ∨q)-fuzzy soft near-ring over R if Fλ(a)(x) = θ for all a ∈ A, x ∈ R.
Example 6. Consider the (left) near-ring R = {a, b, c, d}with the following tables:
+ a b c d
a a b c d
b b a d c
c c d a b
d d c b a
• a b c d
a a a a a
b b b b b
c a a a c
d b b b d
(i) Let A = {e1, e2, e3}, θ = 0.3 and Fλ : A −→ F (R) be a set-valued function defined by
Fλ(e1) = {(a, 0.3), (b, 0), (c, 0), (d, 0)} ,
Fλ(e2) = {(a, 0.3), (b, 0), (c, 0), (d, 0)} ,
Fλ(e3) = {(a, 0.3), (b, 0), (c, 0), (d, 0)} .
Obviously (Fλ, A) is a (∈,∈ ∨q)-fuzzy soft set over R. We also see that Fλ(x) is a (∈,∈ ∨q)-fuzzy subnear-ring of R for all
x ∈ A. Therefore, (Fλ, A) is a (∈,∈ ∨q)-fuzzy soft near-ring over R. FromDefinition 36(i), (Fλ, A) is a 0.01-identity (∈,∈ ∨q)-
fuzzy soft near-ring over R.
(ii) Let B = {e1, e2} , θ = 0.06 and Gµ : B −→ F (R) be a set-valued function defined by
Gµ(e1) = {(a, 0.06), (b, 0.06), (c, 0.06), (d, 0.06)} ,





is a (∈,∈ ∨q)-fuzzy soft set over R. We also see that Gµ(x) is a (∈,∈ ∨q)-fuzzy subnear-ring of
R for all x ∈ B. Therefore, Gµ, B is a (∈,∈ ∨q)-fuzzy soft near-ring over R. From Definition 36(ii), Gµ, B is a 0.06-
absolute (∈,∈ ∨q)-fuzzy soft near-ring over R.




θ if x ∈ Ker f ,
0 otherwise
for all a ∈ A, x ∈ R then, (f (Fλ), A) is the θ-identity (∈,∈ ∨q)-fuzzy soft near-ring over S.
(2) If (Fλ, A) is a θ-absolute (∈,∈ ∨q)-fuzzy soft near-ring over R, then (f (Fλ), A) is the θ-absolute (∈,∈ ∨q)-fuzzy soft near-
ring over S.





Fλ(a)(x) = θ where eS is an identity element of S, if s ≠ eS then,
f (Fλ(a))(s) = 0. From Definition 36, (f (Fλ), A) is a θ-identity (∈,∈ ∨q)-fuzzy soft near-ring over S.
(2) f (Fλ(a))(s) = 
x∈f−1(eS )
Fλ(a)(x) = θ for all s ∈ S. Hence, from Definition 35, (f (Fλ), A) is a θ-absolute (∈,∈ ∨q)-fuzzy soft
near-ring over S. 
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(i) A ⊂ B and
(ii) Fλ(ε) is a (∈,∈ ∨q)-fuzzy subnear-ring of Hµ(ε), for all ε ∈ A.




be two (∈,∈ ∨q)-fuzzy soft near-rings over R if Fλ(x) ⊆ Hµ(x) for all x ∈ A, then (Fλ, A)









be two (∈,∈ ∨q)-fuzzy soft near-rings over R and Fλ(x) ⊆ Hµ(x) for all x ∈ A, then from
Definition 37, (i) A ⊂ A and (ii) Fλ(x) is a (∈,∈ ∨q)-fuzzy subnear-ring of Hµ(x), for all x ∈ A conditions hold. Hence, (Fλ, A)
is a (∈,∈ ∨q)-fuzzy soft subnear-ring of Hµ, A. 
Theorem 17. Let (Fλ, A) be a (∈,∈ ∨q)-fuzzy soft near-ring over R, and

(Hµi , Bi) | i ∈ I

be a nonempty family of (∈,∈ ∨q)-
fuzzy soft subnear-rings of (Fλ, A) where I is an index set. Then
(1) ∩i∈I(Hµi , Bi) is a (∈,∈ ∨q)-fuzzy soft subnear-ring of (Fλ, A),
(2)

i∈I(Hµi , Bi) is a (∈,∈ ∨q)-fuzzy soft subnear-ring of

i∈I (Fλ, A),
(3) If Bi ∩ Bj = ∅, for all i, j ∈ I , i ≠ j, theni∈I(Hµi , Bi) is a (∈,∈ ∨q)-fuzzy soft subnear-ring of i∈I (Fλ, A).
Proof. From Definitions 19 and 16 and Theorems 1 and 3 the proofs of (1), (2) and (3) can be achieved similarly. 
Lemma 2. Let f be a homomorphism from R to S. Then
(1) if A is a (∈,∈ ∨q)-fuzzy subnear-ring of R, then f (A) is a (∈,∈ ∨q)-fuzzy subnear-ring of S,
(2) if B is a (∈,∈ ∨q)-fuzzy subnear-ring of S, then f −1(B) is a (∈,∈ ∨q)-fuzzy subnear-ring of R.









. If f is a homomorphism from R to S, then (f (Fλ), A) and (f (Hµ), B) are both (∈,∈ ∨q)-fuzzy soft
subnear-rings over S and (f (Fλ), A) is a (∈,∈ ∨q)-fuzzy soft subnear-ring of (f (Hµ), B).
Proof. Since f is a homomorphism from R to S, f (Fλ(x)) and f (Hµ(y)) are (∈,∈ ∨q)-fuzzy soft subnear-rings of S for all
x ∈ A and for all y ∈ B. Therefore (f (Fλ), A) and (f (Hµ), B) are both (∈,∈ ∨q)-fuzzy soft subnear-rings over S. If (Fλ, A)
is a (∈,∈ ∨q)-fuzzy soft subnear-ring of Hµ, B, then Fλ(x) is a (∈,∈ ∨q)-fuzzy subnear-ring of Hµ(x), and f (Fλ(x)) is a
(∈,∈ ∨q)-fuzzy subnear-ring of f (Hµ(y)) for all x ∈ A. From Definition 37, we obtain (f (Fλ), A) is a (∈,∈ ∨q)-fuzzy soft
subnear-ring of (f (Hµ), B). 




be two (∈,∈ ∨q)-fuzzy soft near-rings over R and S, respectively. And let f : R −→ S
and g : A −→ B be two functions. Then we say that (f , g) is a (∈,∈ ∨q)-fuzzy soft homomorphism, if the following
conditions are satisfied:
(i) f is a homomorphism from R onto S,
(ii) g is a mapping from A onto B,
(iii) f (Fλ(x)) = Hµ(g(x)) for all x ∈ A.




under the (∈,∈ ∨q)-fuzzy soft homomorphism
(f , g), if (f , g) is a soft homomorphism and f and g are both surjective.
In this definition, if f is an isomorphism from R to S and g is a one to onemapping from A onto B, thenwe say that (f , g) is a
(∈,∈ ∨q)-fuzzy soft isomorphism and that (Fλ, A) is (∈,∈ ∨q)-fuzzy soft isomorphic to (Hµ, B) under the (∈,∈ ∨q)-fuzzy
soft homomorphism (f , g).




be two (∈,∈ ∨q)-fuzzy soft near-rings over R and S, respectively. If (Fλ, A) is a (∈,∈ ∨q)-
fuzzy soft subnear-ring over R and (Fλ, A) is (∈,∈ ∨q)-fuzzy soft isomorphic to (Hµ, B), then (Hµ, B) is a (∈,∈ ∨q)-fuzzy soft
subnear-ring over S.
Proof. Since (Fλ, A) is (∈,∈ ∨q)-fuzzy soft isomorphic to (Hµ, B), that is G ∼ K and A ∼ B, then f (Fλ(x)) = Hµ(g(x)) for all
x ∈ A. So Hµ(y) = Hµ(g(x)) = f (Fλ(x)) for all y ∈ B. From Lemma 2, we obtain f (Fλ(x)) is a (∈,∈ ∨q)-fuzzy subnear-ring




is a (∈,∈ ∨q)-fuzzy soft subnear-ring over S. 




be two (∈,∈ ∨q)-fuzzy soft near-rings over R and S, respectively. And (Fλ, A) is (∈,∈ ∨q)-
fuzzy soft isomorphic to (Hµ, B). If Fλ(x) is a (∈,∈ ∨q)-fuzzy subnear-ring of R, then Hµ(g(x)) is a (∈,∈ ∨q)-fuzzy subnear-ring
of S and Fλ(x) ∼ Hµ(g(x)).
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Definition 39. Let (αλ, A) be a (∈,∈ ∨q)-fuzzy soft near-ring over R. A (∈,∈ ∨q)-fuzzy soft set (βµ, I) over R is called a
(∈,∈ ∨q)-fuzzy soft ideal of (αλ, A), which will be denoted by (βµ, I) ∼E (αλ, A), if it satisfies the following conditions:
(i) I ⊂ A,
(ii) βµ(x) is a (∈,∈ ∨q)-fuzzy ideal of αλ(x) for all x ∈ I .
Theorem 20. Let (αµ, I1) and (βν, I2) be (∈,∈ ∨q)-fuzzy soft ideals of a (∈,∈ ∨q)-fuzzy soft near-ring (Fλ, A) over R. Then
(αµ, I1)∩˜(βν, I2) is a (∈,∈ ∨q)-fuzzy soft ideal of (Fλ, A) if it is non-null.
Proof. Using Definition 19, we can write (αµ, I1)∩˜(βν, I2) = (β, I), where I = I1 ∩ I2 and β (x) = αµ (x) or βν (x) for all
x ∈ I . Then, I1 ⊂ I and I2 ⊂ I . Since (αµ, I1) and (βν, I2) are two (∈,∈ ∨q)-fuzzy soft ideals of a (∈,∈ ∨q)-fuzzy soft near-
ring (Fλ, A) over R, it follows that β (x) = αµ (x) is a (∈,∈ ∨q)-fuzzy ideal of Fλ (x) or β (e) = βν (x) is a (∈,∈ ∨q)-fuzzy
ideal of Fλ (x), for all x ∈ I . Hence, from Definition 32 (β, I) = (αµ, I1)∩˜(βν, I2) is a (∈,∈ ∨q)-fuzzy soft ideal of (Fλ, A).
Theorem 21. Let (Fλ, A) be a (∈,∈ ∨q)-fuzzy soft near-ring over R and (αµ, I1), (βν, I2) be (∈,∈ ∨q)-fuzzy soft ideals of
(Fλ, A) over R. If I1 and I2 are disjoint, then (β1, I1)
∼∪(βν, I2) is a (∈,∈ ∨q)-fuzzy soft ideal of (Fλ, A).
Proof. According to Definition 18 (αµ, I1)
∼∪(βν, I2) = (β, I) is a (∈,∈ ∨q)-fuzzy soft set, where I = I1 ∪ I2 and for all x ∈ I
β(x) =

αµ(x) if x ∈ I1 r I2,
βν(x) if x ∈ I2 r I1,
αµ(x) ∪ βν(x) if x ∈ I1 ∩ I2.
Since (αµ, I1)
∼
E(Fλ, A) and (βν, I2)
∼
E(Fλ, A) we see that I ⊂ A. For every x ∈ I, x ∈ I1 r I2 or x ∈ I2 r I1, since I1 and I2
are disjoint. If x ∈ I1 r I2, then β (x) = αµ(x) ≠ ∅ is a (∈,∈ ∨q)-fuzzy ideal of Fλ(x) since (αµ, I1) ∼E(Fλ, A). Similarly, if
x ∈ I2 r I1, then β (x) = βν(x) ≠ ∅ is a (∈,∈ ∨q)-fuzzy ideal of Fλ(x) since (βν, I2) ∼E(Fλ, A). Thus β(x) is a (∈,∈ ∨q)-fuzzy
ideal of Fλ(x) for all x ∈ I . Hence, (β, I) is a (∈,∈ ∨q)-fuzzy soft ideal of (Fλ, A). 
Theorem 22. Let (Fλ, A) be a (∈,∈ ∨q)-fuzzy soft near-ring over R and (βµk , Ik)k∈K be a nonempty family of (∈,∈ ∨q)-fuzzy
soft ideals of (Fλ, A). Then we have the following conditions.
(1)
∼∩k∈K (βµk , Ik) is a (∈,∈ ∨q)-fuzzy soft ideal of (Fλ, A) if it is non-null.
(2) If {Ik | k ∈ K} are pairwise disjoint, then
∼∪k∈K (βµk , Ik) is a (∈,∈ ∨q)-fuzzy soft ideal of (Fλ, A) if it is non-null.
Proof. (1) It is an obvious result since the intersection of an arbitrary nonempty family of (∈,∈ ∨q)-fuzzy soft ideals of a
(∈,∈ ∨q)-fuzzy soft near-ring is an (∈,∈ ∨q)-fuzzy soft ideal of it.
(2) It is similar to proof of Theorem 21. 
5. Conclusion
In this paper, we studied the algebraic properties of fuzzy soft near-rings and (∈,∈ ∨q)-fuzzy soft near-rings in ring
structures. This work focused on fuzzy soft near-rings, (∈,∈ ∨q)-fuzzy soft near-rings, homomorphism of fuzzy soft near-
rings and homomorphism of (∈,∈ ∨q)-fuzzy soft near-rings. To extend this work, one could study the properties of fuzzy
soft sets and (∈,∈ ∨q)-fuzzy soft near-rings in other algebraic structures.
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